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Abstract
The correspondence between the Kerr black hole and a boundary CFT has been
conjectured recently. The conjecture has been proposed first only for the half of
the CFT, namely for left movers. For right movers, the correspondence has been
also found out through the suitable asymptotic boundary condition. However,
the boundary conditions for these two studies are exclusive to each other. The
boundary condition for left movers does not allow the symmetry of right movers,
and vice versa. We propose new boundary condition which allows both of left and
right movers.
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Recently, the correspondence between the Kerr black hole and a boundary conformal
field theory (CFT) was studied [1]. They investigated the near horizon geometry which
had SL(2,R) × U(1) isometries [2], and considered the asymptotic symmetry follow-
ing the work by Brown and Henneaux [3]. The Virasoro algebra was realized from an
enhancement of the rotational U(1) isometry. This correspondence yields many gener-
alizations [4]. Soon after an another Virasoro algebra was found as an extension of the
SL(2,R) isometry [5]1. These two symmetries in [1] and [5] correspond to those of left
and right movers in CFT, respectively. In order to access to boundary CFTs, asymptotic
boundary conditions play a central role. However, the asymptotic boundary conditions
for these two symmetries are not consistent to each other. The boundary condition
for left movers excludes right movers, and vice versa. In this letter, we propose new
asymptotic boundary condition which allows both of left and right movers.
We start by introducing the Kerr metric in Boyer-Lindquist coordinates:
ds2 = −dt2 + 2mr
r2 + a2 cos2 θ
(
dt− a sin2 θdφ)2 + (r2 + a2) sin2 θdφ2
+
r2 + a2 cos2 θ
r2 − 2mr + a2dr
2 +
(
r2 + a2 cos2 θ
)
dθ2. (1)
The parameters m and a are related to the ADM mass and the angular momentum as
M =
m
GN
, J =
am
GN
. (2)
The position of the horizon and the Hawking temperature are given by
r± = m±
√
m2 − a2, TH =
r+ −m
4πmr+
. (3)
We consider the near horizon geometry of the Kerr geometry. We define new coordinates
t = 2ǫ−1atˆ, r = a (1 + ǫrˆ) , φ = φˆ+
t
2a
, (4)
and take the limit of ǫ→ 0 to obtain the near horizon geometry. For the extremal case
a = m, the near horizon geometry becomes
ds2 = −f0(θ)rˆ2dtˆ2 + f0(θ)drˆ
2
rˆ2
+ fφ(θ)
(
dφˆ+ krˆdtˆ
)2
+ fθ(θ)dθ
2, (5)
1 A similar asymptotic symmetry was found in [6] for warped AdS. Constraints in [6] are weaker
than those in [5], and their symmetries contain the current algebra. By using the boundary condition
of [5], we can fix higher order terms of the asymptotic Killing vector. This is necessary to see the
correspondence of the entropy. It should be noticed that the asymptotic charges in [6] are different
from those in Kerr black holes, because they use φ as the time coordinate.
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with
f0(θ) = fθ(θ) = a
2
(
1 + cos2 θ
)
, fφ(θ) =
4a2 sin2 θ
1 + cos2 θ
, k = 1. (6)
Hereafter, we consider this near horizon geometry and omit “ ˆ ” of the coordinates.
The near horizon geometry has SL(2,R) × U(1) isometries generated by the following
four Killing vectors:
ξ−1 = ∂t, ξ0 = t∂t − r∂r, ξ1 =
(
t2 +
1
r2
)
∂t − 2tr∂r − 2k
r
∂φ, (7a)
ξφ = ∂φ, (7b)
where ξ−1, ξ0 and ξ1 form the SL(2,R), and ξφ is the U(1) rotational symmetry.
Let us consider the asymptotic symmetry of this near horizon geometry (5). The
asymptotic symmetry is defined by using the asymptotic boundary condition. For ge-
ometries, asymptotic symmetries are specified by asymptotic Killing vectors which sat-
isfy the Killing equations up to the asymptotic boundary condition:
£ξgµν = O(χµν), (8)
where £ξ is the Lie derivative along ξ. The metric gµν = g¯µν + hµν contains a small
perturbation hµν from the background g¯µν which is arbitrary but satisfies the asymptotic
boundary condition:
hµν = O(χµν). (9)
Now we propose the following boundary condition:
hµν =


t r φ θ
t O(r2) O(r−1) O(r0) O(r−2)
r O(r−3) O(r−1) O(r−3)
φ O(r0) O(r−1)
θ O(r−1)

. (10)
The most general form of the asymptotic Killing vector which satisfies (8) is then given
by
ξ =
(
ǫt(t) +O(r−1)
)
∂t +
(
− rǫ′t(t)− rǫ′φ(φ) +O(r0)
)
∂r
+
(
ǫφ(φ) +O(r−1)
)
∂φ +
(
O(r−1)
)
∂θ, (11)
where ǫt(t) and ǫφ(φ) are arbitrary functions of t and φ, respectively. By expanding ǫt(t)
and ǫφ(φ), we obtain
ln = e
−inφ∂φ + inre
−inφ∂r, l¯n = −itn+1∂t + i(n+ 1)rtn∂r. (12)
3
These vectors form the Virasoro algebras:
i[ln, lm] = (n−m)ln+m, i[l¯n, l¯m] = (n−m)l¯n+m. (13)
These two algebras can be understood as those of left and right movers in CFT, respec-
tively. The rotational Killing vector (7b) is just realized as l0. The SL(2,R) Killing
vectors (7a) can be identified to l¯n with n = −1, 0, 1 at least for the leading terms.
We would like to close this letter by making some comments:
• The higher order terms of the asymptotic Killing vector (11) are not completely
arbitrary, i.e. some of them must not depend on θ.
• We can replace (r, r)-component of the asymptotic condition (10) by hrr = O(r−4).
This asymptotic condition gives almost same vector, but requires the order 1/r
term in φ-component of the asymptotic Killing vector to vanish. In this case the
asymptotic Killing vector is consistent to that in [6], but is different from that in
[5].
• The asymptotic charges and central extensions can be calculated straightforwardly
for left movers. For right movers, we have to consider the analytic continuation
of t. By assuming the correspondence to a holomorphic theory on the complex
t-plane, the generators can be defined by contour integral on this plane. This
definition, however, seems to be different from the interpletation of left and right
movers. We need an additional identification between φ and anti-holomorphic part
of t, which is still left unclear.
• The analysis of the quasi-local charges done in [5] is not available for (11). For
such an analysis, we have to consider higher order corrections of the asymptotic
Killing vector, which cannot be fixed by the asymptotic condition (10).
• This asymptotic boundary condition cannot be utilized for the warped AdS with-
out θ direction. One of the constraints comes from the (t, θ)-component of (8).
This constraint imposes a condition in which ǫφ does not depend on t.
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